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248 D21 Vasicek 282 FIILL ZIRFHEES OISR =0 01 <ioh 2

et 2ONM0IHELE = A‘l't-Sahalla (2008)7t JHLst RS olgdl 2
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2]3 GD-GV B33} FAge= AN 4k fiolell gk ' Ade] Ak
¢l CEV (constant elasticity of variance) ¥WE4 35 2= GD-CEV =
& Chan, Karolyi, Longstaff, and Sanders (1992)°] #|skgt CKLS =3,
Cox, Ingersoll, and Ross (1985)7} A|etgl CIR =3, :LF/LTL Vasicek (1977)
o] Azt Eolrk GD-GV ¥ 2
ATEolA el 5§ =v d5 W52 23S 98 01%% oo &

°

o

Ay BT

B
S o] %
Schwartz (19385)+= FAte|vt the A 2 7B AR 7HAE 371817
Sl =E dEe| 7HHo] rlst Beleise wethe 7S Ak s
A AL 7EHE AXFe7] 93] Paddock et. al. (1988)2 H-47b71 &4k
A& wEckal 743k Dias and Nunes (2011)> HE7149] A4S &
W& 4 3)%==% Black-Scholes-Merton 2|4 W54 345 CEVZE nv}
¥ 2o g v A 7148 8tk Dixit and Pindyck (1994), Cortazar
and Schwartz (1997) 18|32 Smith and McCardle (1999)-2 - 7}4o] A
71-¢l it FEeR e AdE A ole B¥E aHIch
L2l 7H e wet AR E s 55 28 As 2Rk ZEAE ALk 9
3l Gibson and Schwartz (1990)+= -+ 7H4e] 7|3} Hel¢5S w23 o
7ol EelHoR 962 /AT 9goza Pt o]l el Ho| 4o
(convenience yield)®] MRS F7lsl] 2891 akapr] w3y s s|uks)
Schwartz and Smith (2000) 77} 022 3]F]8l= AAS 714 w7 o]
Lol firte] FHHA eEe AAshs 29l 7 e Fom AAE=
ol FAbabs] w¥S #lekaich Dias and Rocha (1999)% #7]44l it
22 3798k 7)et Bekddwel AZE UK RS o]d Uk
stall AR ARG 7HAE Hrhskal 7128 AFAAET vl
I A3 A AEEG THEE ARbsIE 489 AE gkt
Aokl =F-2 Yan (2002)]t}. t}2 &F # Postali and Picchetti (2006)= =+
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HHAXIZHAT @ M 203 M 1=

Al f7k Akge] B AAES B4 of 30d A= Al A Eaky
o] 7}AE H7kelr] 913l wlaA gk )8 Behets Ry E AA-sicia
Ttk Liu et al (202002 1% 71HA2] WAl szigte] Qlrhs 54
S AA3 L Bernabe et. al. (2004)+= 977 22 4S Asr] S8k 29
o5 3] Vasicek RS 4HAZ (regime-switching)#t A3 AL
Aqkgke}. Kyriakou et. al. (201602 WTIf A& 54 7H4S 2 Awse

23& 7] 915 Heston (1993) 235} oi7]e] H2& 3713 Bates (19%)
5285 F43r}k Schwartz (1997)2 975 233 E 71AE5E o] 44 o
ol 7}t ‘§:r?‘ 39 /Hzlo] gl-e-o ukgch

S A AFE F9H (2005
Nowman and Wang (2001)01 Al F57 4 FE PAEC dis gkt
A nyes AT 74TJr e wpr o7 S|, HEAlER WTLH, =W
A gfe T S vHAEe 9 9E AAAES AFEY A $94,
s (2000)0l4 = 4 Haﬂe% 1A AzE $948 (2005)9 7wkl

)
o7 ZAsly A AFS ulglow f34 449 7S AXksla vla

k1

(1988)). Askari and Krichene (2008)2 7} #A}5E5 o]g3] Merton (1976)2]
A= A A&} Larsson and Nossman (2011)< 718 ofs}el
(affine) X SEHFTA RIS FAH3 F7ke WAl gE-on H=

A
F7E AAE) AAZ (2016)0] Qi7ket BEE Ad 7S]

7} Stk
& A2 9e,

$7be] gA9le Anar] Sld) WA whedt slsneke £ wyy
HZE E37 vheal w37 o7 SR g 2y5e] ol& i
A 24 S8 Alcket adH @ We B¥EE o] 47 ATelAxE £
oAl ke A o] dubdel RS o83 o] oAy A
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2N AR J1HS HATE 28 57
TR o] b mES A AAsA] gt o] ATl ofF
AnbA el Sk w3} o] 5 FAsE] S8 e FAURS o]8s

:
f7hEe) $AYE et b A% g R Feked o

g WS 7P Z8Hel #9954 (maximum likelihood
estimation)¥o]t}. o] $JsirE= alabyge] HolshE U % (transition probability
density) 45 olof k=t Vasicek 2o} CIR &3} o] E 7)<

oA el A5 Alostae dte] EataAe] Aol EEE e o
A oA etk 1Al Ait-Sahalia (2002 5 %
43 whedws X 7HFA (time-homogeneous) A9 ol 54 ® 342
TAARD Ao FAT= I o] &5 /el o] WP Ait-Sahalia
(2008)eN| A ch s A7kl Stk o2 A3 Choi (2013, 2015a)= ©F
il 74 (time-inhomogeneous) EAHFAH S 2 Yu (2007)3 Choi (2019)
= 77 ohi AR I Az A2 gakar] o' dnlslgch o] ¢
AE o5 AT-F o] & AT A AT T olet AT o7 AFAHEol
9l=d] Choi (20200 & t] =pA3] Azl=e] gt} o] EFoas o=
e ol8aly] wtel Egrrt dester &835hr]e] U Ait-Sahalia
(2008)7F Akgk W& o]83 FAAEe] 2asEdeE S
ASEA A3 SrlgAIE GD-GV 23 # GD-CEV 23¢| CKLS 23-&
Egshe o dubHel B o)At B odFollM 283 mE Af7tEe o
8 CKLS ®3o] 7P Asse= s A3 4 ok 4 ghell= <F7He
Apol7t QIGAAIRE A Adp= AnbH oz ofF wr} WA AH7|E AIC
o BIC &7l wis) CKLS ®3eo] 7P A2 gt& 744 & |l 74 23
=¥ o 43S & 5 oddek 223 CKLS ®¥e *®3sh= GD-GV
283 GD-CEV Z&d| F sk
g Hohs HEA g R 2aEe] FAALE fo3 As #
3

W AEY R A7k $Ae ddeitdl o 249 oPe Bk 2

F[JF

&kl (Hermite) #



HHAXIZHAT @ M 203 M 1=

% UEAE TR, 5l 7kl 49 e 8e
19 olubal MEAE otk 2 07504 E S7kske 23
& AN o ATl BEF A BRI F71E s
492 Aoleh, 3aelAE AFEAE Sl8l AUD sy myEe] B
Aozt 374 wpgel Hhal Eolakn olelal el F4 Asish olel i
15 w98 Qe obAto R 5 AET 371 Aol el e

2

oz UetSo] 982 4 @%}1 AMez B A AFSe] A=
A=l L FellA FA f7Ee] Aol e AxEA HxAeR g w
o] AdFH+E ZAEe| %2 Fulo] (Dubai)f, %= Hale] BAE (Brent)f+

a8 v AR gk 2] WTIRS] 95 7HHEolth B dFexe=
A f-5-Ake] Petronetell /] 73t o]& Wf dEE9] 7HAS o] &8 o=

Aty myE5-S A 2y FA thA] PetronetellA] 7 4 9le B

E 282 g4y, Fulo]a 19969 1Y 22%E 20204 29 21974
a3 BAES9} WTIHE 19984 1¥ 23] 20204 2¥ 2147429 o
W 28 5% o4t}
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2 4% 7120 HNY oF £

(& 1) =2A &f 71459 7|= SAHE
(8): wl=pdel )
SHfo| w7 7HA HHE 7 7tA WTI 7 7+

717k 199612 ~ 2020221 199812 ~ 2020221 199812 ~ 2020.2.21
H5A 5 6103 5652 5554
A 945 964 10.72
el 140.70 146.08 145.29
3 54.84 59.89 5771
25 32.32 30.78 29.03
Ae 0.49 0.34 041
= -0.90 -0.82 -0.78

119964 19 295¥] 20201 24 21 74A] oW Fulo] (Dubal) U 7HA3} 19984 14
23] 2020 29 21 77}21 ol BeE (Brent)e} WTI 4 7149 712 SA%
Eo] AA= ek olE HF A Wl wlEg v dei) of7lelA dxe

el o= gk 3 i } H= Frolrt.

<E Dol o5 ARAAEE )2 BAR g5e] AelHe] oleh. T
7 47} AdEE Aol FHAlE Af At glel o5 dol el
toARE §] uhEel DAERsh WIS A 717l AR B34
S v R 0l ez AgdE o5 Q4vke) TAhe Az §
A% RSl okzbel Aolrl AT AAo Wae AL ¢ 4 ek
52 TASHE o2 sapel BAS] e Heh 249 AE e

o,

ru

J7bshed B HelEfE Wi ojds of 2de] %3 Fulelf el
of 5ol 6Fe] A= EA AP Ao delA e oF A%

7l B AAS BAl ol HAT = Sirh Aivhel HAEGE 2 Aolr)

rr
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HHAXIZHAT @ M 203 M 1=

Al A7 :

[Z23] 1. 7He 19969 19 2958 20204 24 21947kA] ] Fulolf 212
I [z 2 7He} (27 30 7Hells Zh7F 19984 19 2948 20204 29 21
A7tA)e] BHEEfel WITHS ¥ AAY 285 2e|=2 a3} o] 1

= B 22 77wkl RE fTEEe] 3t iPol% 7k SIAIRE Adnt
%S

%5%%94 @t =4 A 22
d =l wet A7k Hale s
b glek Smell B A 20049 Smel HA 2E2R A7 20089
| A "ojx)7] ARty 2A4A<l F591717F SR A
wAs] stdh Zlolrt. o thAl e27] ARl dfTbe o Yebee
ool Ak #7) sl di’k OPECe]
$ 5 o8l ARdEe] 2FE e 20149 el 200919] A b Bt v U2
o2 dolzich
fr7hel o WEsE Ade] Rk e wEle] sleA o g dohn]
Fla 2+ Al A2 fizbell Hel vk g f7he] sl drbt HeAE B
AT AAEES Fubolf, HAER T3 WTTel Al 2 [237 1.
v, (25 20w e (29 30 el asieh f7ke] 7149 sddgte] <l
°of of #o= 3| sh= Aol ook A7l el o] B T Bt o
gom o5d bk Skl frb H SR Eod o
o 27 Fad) Abxxe] 9% gow 7

o

971 wH—rOﬂ a8a
ol& Atele] AHATE T
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(18 1 /Mol 1996 19 22056 2020 290 219 744 i w1 el wAE
Fulol 4 /A9 @8 A Agsk 2#iA 9l

[3Z 1. Lt FHIO|R 712 U M3} MEE

I I
) 50 100 150
SHrol 27t

19961 14 29355 20204 29 210 7pA] e wlss el 2 3415 Falo | 7ol i
oS Ak oW HEkE A lfotell dis] Abr e (29 1 vHel vekdich

[ 1. Ct] FHIO|IR 712 uE H3}

5 -
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142196 1/2/98 14100 1/2/02 172104 113108 142108 W4H0 11312 11214 114186 12118 221/20
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(2% 1. tHE 19969 1Y 393E] 20204 249 219 744 wigdd) v del& A€
TFulolf- 714 <] ¥ W3} AAG 2L8E HofFa gl
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HAXIZHAT @ H20E A 1=

[2Z 2. 7] BUIERS| UE JHA

I I I I I I I I I 1
112198 114100 112102 112104 143106 142108 11410 1312 12014 1416 1218 2021120
ENETS

[ 2 7HelE 1998 14 29 20201 29 219 7R iR vl " e 38
BAES 7HAS) o AAD ARsrt 29A 9l

N

(33 2. L] BYUIER 7129| UH HE} MEE

1 1
0 50 100 150
SHE ARt

© 19989 19 29 20204 24 21 7] wiEY vl delg 4% BAEES 714 dls)
ok g AkkE o HEE A dfTtel sl Ax=R (23] 2 vell veRich

X

[33 2. Ct] BYHER 712 U HE}

e

A5 -
1 1 1 1 1 1 1 1 1 1

112198 1400 12102 112104 13106 1/2/08 11410 13n2 1214 1416 11218 2021120
/e

(29 2. thl= 19989 1Y 3] 20206 24 21 744 wigdwd wl= 222 A%
HAES AAAe) Q wsk A AR el 9]
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[O& 3. 7H wTIRe| od 7tH
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12198 11400 142102 1204 13106 1/2/08 1410 11312 12014 1416 1218 2021/20
WTI 25 Ih

[ 3. 7HelE 1998 19 2915 20009 29 2191 74x] e v gele 54w
WTIS: 7149 o AR Azo) 224 ek
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HHAXIZHAT @ M 203 M 1=

b}

w0 W mER o 2 1 A5 o el ¥ e sler
Hg4do] Tr7M Tl whet Sk S B oA
BHFeR 3| she Aol sleAle A7) ofdth 2Rz o
23t ddso] AR AAv7t QleAl s JdEE o e AT v
& sk 7 AAE ol 88 olefdt A EA oIl dis F o A&
87 =ejsle Aol Bt o] wmrellA o8k Fakdd wye) Mg
Fapot A Il 4 A3 olsel W He E ¢ sls Aol

A A 25el a3 (23 Lo, (23 20 o] 2elx (23 3 oHe 4
kel HRlER Tefa WTIRe] o Wske] AAL Ass 2=
el olet ol e S eR firte] Mg Fol 2 7Rk A
717ke] B gl WA A (volatility clustering) @Abe] 5w odw
H3p7h g es 2 AR #4135 glrk ol WEAo] 7k el
o|Esl7] wirdd s olal Al A & Sl wet WeA It vhe]

L
+d % 9k

:\o

g

o] AdFollM= Al 7 HEAQ] A4 di7hEe] 2AYE Al =
Hoz Z+ friel dal oAl Jle] ©dwg AZHF2 (time-homogeneous)
kb4 (diffusion process)s= FAEC) o5 R3S FA37] 94l 3§
4

(maximum likelihood estimation)¥-g ©]-&-3c}.

1990 Ftell Shababd & A dloleell A3l FA3h= o= AR
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(F 2) BRI MY Y

Model

Vasicek | dX, = (ap+ oy X,)dt + \/> dw,

CIR d)q:(a0+ X,)dt+ /B, X,

CKLS X, = (ag+a, X,)dt+ 1/ B, X" dW;

GD-CEV | dX, = (a_ X "+ay+o X, + o, X+ a XP)dt + \/B,X" dW;

GD-GV | dX, = (a_ X "+ay+o, X, +ap X2+, XP)dt + /8, +B,.X +B,X " dW,

2 Qgkel wge 98 o4t ol Ao ok shEky wao] AAse] ek GD-GV
w22 Uz o] e nys It o R¥ES 7] A7 2] Alcke @A
Fol ek

5
Scholes (1973), Merton (1973), Vasicek (1977), Dothan (1978), Cox, Ingersoll,
and Ross (1985) (CIR), Chan, Karolyi, Longstaff, and Sanders (1992) (CKLS),
183 Ait-Sahalia (1996) o] itk

o] mielME @] o)A ¥AYE BARS] S8l Ait-Sahalia (1996)7}

AR B4 A (drfio G5l 3% F& F7h Chol (20097} A
cheel $abd BYS 8 myoR o Wb A9 A9

dX, = (a_ X, "oy +a X, + o, X+ a, XD dt+ /8, + 8., + 8, X dW,, (1)

S e AdubAel e FA| el WEA (Volatlhty) s 7
9ol AF7HA] ol ¢ WPy dEES 714S mddslr] ¢s AgH
S W

H5S E3sta Qlch W}F/]r/ﬂ o]= GD-GV (general
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HHAXIZHAT @ M 203 M 1=

drift-general variance) ®E3o|g} Y23 GD-GV 2o Ea=w 7]E]| A
okl t}E 5 FoA] tEAQl Vasicek, CIR, CKLS 2353} GD-GVellA]

Wzl 3 FHo] CEV (constant elasticity of volatility) 3ejel, GD-CEV
= A FAZ F Rlad Aol <F 2>o= & ATelA FA= B

ofl o
do wmln o2t ol

o
©,
)
>,
A
o
p——

fo} e WEE o] olAHEs} o] Aol UF WA UF =

o UG AR F8v} AFo] FAFH Aol A E e Av|AQl Ht
SO 33ty e 3—7““01 °‘U} (Dixit and Pindyck (1994)
2]3 Smith and McCardle (1999)). GD-GV E&-2 dubA <l ejo] FA4 g

T5 7KL glo] A 7HA o] %}71&4"& Bt FroR 378k A] of Fiw
oflzl i 7149 el wet o SEE 3F5h=A] w3 F2AF 5 9l
th 23 ()9 W54 &= CEV deof Aesdat dasts 713 A=
A 7HAe s el 7HAe] Fold w FUskeA] of it ofuz) 71 o]
& v =3 Sk e 5 gl

GD-GV 233} of7]e] E3g¥e= ® 4%4 wpof gk A|oke] a3t}
olgloll Foizl A|FAlE2 Ait-Sahalia (1996)9] ©iX 714 2AEE W53}
=5 GD-GV m¥o|| HAs}A 3k Zlo|},

Bo = 0(By=01L0< ;<101 B, >0, ()]
T 3,=00°]3 3, > 10|91 g, > 0),

ﬂ3>lo]7ﬂb}51:00]ﬂjﬁ2>0’j_g]_ﬂ ©)
0< By <1°]AY 3, =004 3, >0,
a; <0(2FFTay=0°1"a, <0ET ay=a,=0°"a; <0), @

a8

a_,>028A2a_, = [, = 0FEE : Q)
a_ 1=0,00>0,8,=0,06;>1728 20, > 3 >0
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fol

ru:{o

A (efficient) Q!

o)), g A wk il e vtz 3= (Markov) AAF} wlo]|~ (Bayes) A2l
s Folr 218 Y 2asEdsE T3t

2 $=
®theat gol tehd 4 Qe

= Y nlpx (A XA X, 1)ai0)] ©)

i=1

A7IelA pr (A XialX - aif) e A X8 AoldERE R

X7 t=(G—-1)Aad z,3t& 7AW oy AA-Q t=iad X7} 23S 7}

2) 7P Q1% Afe] AU} ol R ) 7} 234 Holh QA U
B A5 L SO T A SE AN o 1 B o)
_‘,:_

o
= #EE uet & &9 Add 5 25242 EAd3c)
3) A #A=H9] & g A E%}:oﬂ nxE gge] 27lell FAIFL) ol dig & o
ZHAIEE A& Att-Sahalia (20024 Choi (2020)-8 3a2s}t7] ulghe}
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HHAXIZHAT @ M 203 M 1=

A ZAF FEUEFE py(A zlzg0)olch webA X, o] Ho|gEUE g
JHE o]&s FiA 3] nass AT otk 1

#Hd| A= Vasicek, CIR, Black-Scholes-Merton 2353 o]

F Adstae ddds 2olztay djrizie E}/‘}#@ gl AHolggdx

Ait-Sahalia (2002)+ ¢Je]e] w4 A7k
A iAo He|gEd e 1:11— = H“?* AEsA ZA7I= WS N
2008)ell 4 wha A7k gataba o
wh o2 wbd Az} Ait-Sahalia
(2002)0l1 4 kgt skl (Hermite) A7 WAl o2 2|7} aesh= g4tz

A
AEe A AeltEdE 8 7 s oy WEA It CEV‘Jr
o

fru
[
2
o
N
i
i)
b
ok
>
i
rd
_,a
>
B
e

73
ol g3l7] A e 22 F=dtent dwl 57| wiel Ait-Sahalia
(2008)7F A7 S ol &3l FAtaAd S 24P 2addelgEEE ¥

(A 2l20;0) =— %ln(ZWA)—DU(x;H)-i- < @)
k

S ) A

4) Ait-Sahalia (1999)= Ait-Sahalia (2002)ell4] #A|A1gF s]wtsl 2/ WAje] opd i &
o el 2 AolEHE s ke WS ol 8al o b A S 24t
A Aolghgie s A 73 A% A& Bl Ait-Sahalia (2008)7F
AR S AR ekl AN WA o Rk Zla) A

o~
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ST 2

i

=
_I_xo

i

o2

=H H7 7tHE2

A7l A D, (2:0) = In[o(x:0)]01™ Al KA} F AAQL o] AlelA 7}
ARE OP(A alzg0), k=101, K& el €k o5& T3] 94
A (De A 2o AolstEHlr 4yl wEele Trauze
(Kolmogorov) #v]i v A el tiqigh 5 o Adjs] -2 Ae7]e]e] Al
Z wlwshd olelie} o] 7 AL (A,

zlzy;0) 7} WS vlE AAS

dC\ V(A zlzg0) |
dx

20; 1>(A,m|x0;9) =— o (x:0)

dCX (A zlzy;0) dC(O)(A,x|x0;0)
dx dx

YA zlay0) =— o (2:0)

GP (A alzy0) = CE(A zleg:0)
1 dCV V(A zlzg:0) dOV(A zlzy;0)

= 2. >
7o (@0) dz dz k=1

8l v g Belld GE(A L zlegh), k=0,1,... 8 5 Blabge] &
Al greol MEA 3 a2l O (AL alegd), b < k—19] Aot} #atal
Ae Wk WEA 4T 12 WS 5 ook 9 v WRAES o
CH(A aleg0) 5& FAACR T8 5 ek 216 $2)7} nefebe 29
£ oAl GD-GV 2¥-E ool 7VsdtA] 7] wiol Ait-Sahalia (2008)
7b Aok AR CF(A zlzg0) b GF(A 2lzgi0), k=0,1,.. ZFE «
of dal z,FHeZ "YU (Taylor) F5 ANE & ZF #l WA 2loA
(x =)0 22 2718 vlas dde] 35 AN Alag Fellok gt
A CP(Aleg0) S AR T/ AS O A alzg0)eh S
= A (Dol sk vt Zo] A 2aAde|gEd R s 7
%
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otck zEe o]23 A= FAHSE Fo o #hE D5 7 U] W+
o vhots st} ke
(¥ 3) FHio|s =™ ZAn}
0 Vasicek CIR CKLS GD-CEV GD-GV
oy 0 0 0 0.0077 0.0077
(std error) - - - (0.024) (0.024)
« 0.073 0.055 0.041 5 -0.064 -0.064
(std error) (0.050) (0.028) (0.020) (0.33) (0.33)
a; -0.10 -0.071 -0.039 0.28 0.28
(std error) (0.059) (0.053) (0.056) (1.40) (1.40)
Qg 0 0 0 -0.078 -0.078
(std error) - - - (2.14) (2.14)
Qg 0 0 0 -0.18 -0.18
(std error) - - - (1.02) (1.02)
Bo 0 0 0 0 0.000000
(std error) - - - - (0.00033)
04 0 0 0 0 0.0000021
(std error) - - - - (0.010)
B 0.016% 0.025% 0.0367% 0.0365% 0.036%
(std error) (0.000067) (0.00013) (0.00033) (0.00033) (0.0099)
Bs 0 1 1.50: 1.50%x 1.50%
(std error) - - (0.0090) (0.0091) (0.16)
log-lik 30496.69 32566.54 32858.88 32859.56 32859.56
IR test GD*G'V Vs GD-GV vs GD-GV vs GD-GV vs
Vasicek CIR CKLS GD-CEV
(p—value) 0.000 0.000 093 1 -
AIC -60987.38 —-65127.08 —-65709.76 -65705.12 -65701.12
BIC -60967.23 -65106.93 -65682.89 —-65658.11 -65640.67
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Drift Function p(X;;6) Volatility Function o (X;;0)

Panel A: 11(x,0) and 95% Confidence Band 0.3 Panel B: o(x,/) and 95% Confidence Band
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o
0.2 0.4 0.6 0.8 1 1.2 1.4 0.2 0.4 0.6 0.8 1 1.2 1.4
Dubai Oil Price (US$/0.01 barrel) Dubai Oil Price (US$/0.01 barrel)
Panel C: /i(x,0) and 95% Confidence Band o.3,_Panel D: o(x,60) and 95% Confidence Band
0.2
0.25
2 0.2
s
C | R g 0.15
g
S o1
0.05
o
0.2 0.4 0.6 0.8 1 1.2 1.4 0.2 0.4 0.6 0.8 1 1.2 1.4
Dubai Oil Price (US$/0.01 barrel) Dubai Oil Price (US$/0.01 barrel)
Panel E: 1(x,0) and 95% Confidence Band o.3,_Panel F: o(x,0) and 95% Confidence Band
0.2
0.25

CKLS

0.05
o
02 04 06 08 1 12 14 02 04 06 08 1 12 14
Dubai Oil Price (US$/0.01 barrel) Dubai Oil Price (US$/0.01 barrel)
Panel G: /(x,0) and 95% Confidence Band 0.3,_Panel H: o(x,0) and 95% Confidence Band
0.25
= 02
X
s
GD-CEV 20
0.1
0.05
o
02 04 06 08 1 12 14 02 04 06 08 1 12 14
Dubai Oil Price (US$/0.01 barrel) Dubai Oil Price (US$/0.01 barrel)
Panel I ;i(x,0) and 95% Confidence Band 0.3,_Panel J: o(x,0) and 95% Confidence Band
0.25
= o2
X
5
GD-GV g0
g
2 o1
0.05
. . . . . . . ° . . . . . . .
02 04 06 08 1 12 14 02 04 06 08 1 12 14
Dubai Oil Price (US$/0.01 barrel) Dubai Oil Price (US$/0.01 barrel)
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=M 27 7t4S9 MY 2 FH
(H 4) BHER] =F Ayt
0 Vasicek CIR CKLS GD-CEV GD-GV
a_q 0 0 0 0.0000000 0.000023
(std error) - - - (0.032) (0.032)
o 0.11 0.086%x 0.064x 0.028 0.028
(std error) (0.063) (0.040 (0.028) (0.42) 0.42)
o —0.15%x* -0.11 -0.068 0.088 0.083
(std error) (0.075) (0.069) (0.066) (1.63) (1.63)
Qg 0 0 0 0.048 0.048
(std error) - - - (2.35) (2.35)
ay 0 0 0 021 021
(std error) - - - (1.081) (1.084)
By 0 0 0 0 0.0000000
(std error) - - - - (0.00059)
B4 0 0 0 0 0.00000020
(std error) - - - - (0.016)
By 0.021x 0.032xx 0.043xx 0.043x 0.043xx
(std error) (0.000089) (0.00017) (0.00037) (0.00038) (0.015)
B3 0 1 1.50: 1.57 5 1.5
(std error) - - (0.011) (0.011) (0.20)
log-lik 26688.21 28128.14 28338.28 28338.95 28338.95
LR test GD—QV Vs GD-GV vs GD-GV vs | GD-GV vs
Vasicek CIR CKLS GD-CEV
(p-value) 0.000 0.000 093 1 -
AIC -53370.42 -56250.28 -56668.56 -56663.90 -56659.90
BIC -53350.50 -56230.36 -56642.00 -56617.42 -56600.14
T RS He3A gy} o]5e TF oA} BE gkol Qlrh §o5E 5%l EAH
o7 fofgh mao] A g 22 Aol 4 @ el “4*]%“ Y} w42
FA AT ggells 4 23l digt A 25340 gl 9l GD-GV Ry
o2 220 7 dig =8 HAA A p-hel vk vHAT 7 dell= 27t
AIC
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HAXIZHAT @ H20E A 1=

[3Z 5] BEHUERS| FA2t HEY &=

Drift Function 1 (X;;6) Volatility Function & (X;0)

Panel A: 1(x,0) and 95% Confidence Band 0.3 _Panel B: 0(x0) and 85% Confidence Band
0.25
0.05
0
02 04 06 08 1 12 1.4 02 04 06 08 1 12 14
Brent Oil Price (US$/0.01 barrel) Brent Oil Price (US$/0.01 barrel)
Panel C: 4(x,0) and 95% Confidence Band 0.3 Panel D: o(x,0) and 95% Confidence Band
0.25
= 02
2
5
Cl R 2015
=
< o1
0.05
0
02 04 06 08 1 12 1.4 02 04 06 08 1 12 14
Brent Oil Price (US$/0.01 barrel) Brent Oil Price (US$/0.01 barrel)
Panel E: «(x,0) and 95% Confidence Band 0.3 PanelF: o(x,0) and 95% Confidence Band
0.2
0.25
3T o2
5
CKL S 2015
=
< o1
0.05
0
02 04 06 08 1 12 1.4 02 04 06 08 1 12 14
Brent Oil Price (US$/0.01 barrel) Brent Oil Price (US$/0.01 barrel)
Panel G: /i(x,0) and 95% Confidence Band 0.5,_Panel H: o(x,0) and 95% Confidence Band
0.25

o
N

GD-CEV

Volatility o(x,6)
°
@

0.1
0.05
- [J
02 04 06 08 1 12 1.4 02 04 06 08 1 12 1.4
Brent Oil Price (US$/0.01 barrel) Brent Oil Price (US$/0.01 barrel)
Panel I: 1(x,0) and 95% Confidence Band 0.3 Panel J: o(x,6) and 95% Confidence Band
0.25

o
n

GD-GV

Volatility o(x,6)
°
@

0.1
0.05
o
02 04 06 08 1 12 1.4 02 04 06 08 1 12 1.4
Brent Oil Price (US$/0.01 barrel) Brent Oil Price (US$/0.01 barrel)
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=M 27 7t4S9 MY 2 FH
(# 5) WTIs &3 Znt
0 Vasicek CIR CKLS GD-CEV GD-GV
a_q 0 0 0 0.0000000 0.000013
(std error) - - - (0.043) (0.044)
« 0.12 0.097xx 0.078xx 0.060 0.060
(std error) (0.062) (0.041) (0.032) (0.52) (0.53)
o —0.17%x -0.14 -0.10 -0.10 -0.10
(std error) 0.075) (0.073) 0.074) (1.95) (1.97)
Qg 0 0 0 0.35 0.35
(std error) - - - (2.71) (2.73)
sy 0 0 0 -0.37 -0.37
(std error) - - - (1.22) (1.23)
By 0 0 0 0 0.0000000
(std error) - - - - (0.00072)
B4 0 0 0 0 0.0000014
(std error) - - - - (0.021)
By 0.022:x 0.035%:x 0.046% 0.046%x 0.046%x
(std error) (0.000075) (0.00016) (0.00034) (0.00034) (0.020)
B3 0 1 1,46 1,465 1,465
(std error) - - (0.0091) (0.0092) 0.21)
log-lik 25848.43 2723848 27405.87 27406.32 27406.32
LR test GD—GY Vs GD-GV vs GD-GV vs GD-GV vs
Vasicek CIR CKLS GD-CEV
(p-value) 0.000 0.000 0.90 1 -
AIC -51690.86 -54470.96 -54803.74 -54798.64 -54794.64
BIC -51670.99 -54451.09 -A771.25 -54752.29 -54735.04
F waEe] 4934 P olFe RELAE B ol Aok $9I5F el A
02 Fogt B 24 3 A2 Afole A # dol =xAE . BeEY
T4 A3 dgele 4wyl Wik Hdl 22923 ol i, GD-GV 2yE&
o mase] el da $mal 44 Ashe] pglel ek v F el 27t
AR7)F AICS} BIC7} A4 =] glrk
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HAXIZHAT @ H20E A 1=

[a& 6] WTIR2| FA<t

HEY

o
>

Drift Function 1 (X,;0)

Volatility Function o (X;;6)

Vasicek

Drift pu(x.)

Panel A: 1.(x,0) and 95% Confidence Band

Panel B: o(x,6) and 95% Confidence Band

CIR

Drift (x,6)

0.05
0
0.2 0.4 0.6 0.8 1 1.2 1.4 0.2 0.4 0.6 0.8 1 1.2 1.4
WTI Oil Price (US$/0.01 barrel) WTI Oil Price (US$/0.01 barrel)
Panel C: 4i(x,#) and 95% Confidence Band 0.3,_Panel D: o(x,6) and 95% Confidence Band
0.25

CKLS

Drift pu(x.)

0.05
- 0
0.2 0.4 0.6 0.8 1 1.2 1.4 0.2 0.4 0.6 0.8 1 1.2 1.4
WTI Oil Price (US$/0.01 barrel) WTI Oil Price (US$/0.01 barrel)
Panel E: 1i(x,6) and 95% Confidence Band 0.3, Panel F: 5(x60) and 95% Confidence Band
0.2
0.25

GD-CEV

Drift 11(x,6)

02 04 06 08 1 12 1.4
'WTI Oil Price (US$/0.01 barrel)

0.05
0
0.2 0.4 0.6 0.8 1 1.2 1.4 0.2 0.4 0.6 0.8 1 1.2 1.4
WTI Oil Price (US$/0.01 barrel) WTI Oil Price (US$/0.01 barrel)
Panel G: /u(x,) and 95% Confidence Band 0.5, Panel H: o(x,0) and 95% Confidence Band
0.25

Volatility o(x,8)
o °
5 o 2 o
& S o N

o

02 04 06 08 1 12 1.4
WTI Oil Price (US$/0.01 barrel)

GD-GV

Drift p(x,6)

Panel I: 1u(x,6) and 95% Confidence Band

02 04 06 08 1 12 1.4
'WTI Oil Price (US$/0.01 barrel)

0.3

Volatility o(x,6)

Panel J: o(x,0) and 95% Confidence Band

02 04 06 08 1 12 1.4
WTI Oil Price (US$/0.01 barrel)
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ABSTRACT

Estimation of Diffusion Models

for International Crude Oil Prices

Seungmoon Choi"

The aim of this study is to find a diffusion that can explain the
dynamics of international crude oil price through empirical analysis. To
this end, we apply daily data on three primary benchmark crude oil
prices of Dubai, Brent, and WTI to the GD-GV model that encompasses
most of diffusion models suggested in the literature and GD-CEV
model, CKLS model, CIR model and Vasicek model which are also
nested by the GD-GV model. We estimate these diffusion models by
maximum likelihood estimation method for which log-transition
probability density function is approximated by the method developed
by Ait-Sahalia (2008). Estimation results are quite similar for all of
three crude oil prices. We found that CKLS model best explained the
movement of oil prices. Moreover, volatility function plays a more
important role in describing the dynamics of oil prices than the drift
function. We found some evidence that the price of il tends to revert
to its long-run mean value only when the oil price is low. The elasticity
of volatility with respect to oil price is estimated to be about 0.75.

Key Words: Crude Oil Price, Diffusion Process, Maximum Likelihood
Estimation
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